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A new molecular dynamics method for calculating free energy profiles for rare events is presented.
The new method is based on the creation of an adiabatic separation between the reaction co-
ordinate subspace and the remaining degrees of freedom within a molecular dynamics run. This
is achieved by associating with the reaction coordinate(s) a high temperature and large mass,
thereby allowing the activated process to occur while permitting the remaining degrees of free-
dom to respond adiabatically. In this limit, by applying a formal multiple time scale Liouville
operator factorization, it can be rigorously shown that the free energy profiles are obtained
directly from the probability distribution of the reaction coordinate subspace and, therefore,
require no postprocessing of the output data. The new method is applied to a variety of model
problems and its performance tested against free energy calculations using the ‘“‘bluemoon
ensemble” approach. The comparison shows that free energy profiles can be calculated with
greater ease and efficiency using the new method.
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1. INTRODUCTION

One of the most important quantities in thermodynamics is the reversible
work needed to change the thermodynamic state of a system. Under certain
conditions, this quantity will be independent of the path taken between
the initial and final states and will, therefore, be related to the free energy
difference between these two states. As a result, considerable effort has been
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invested in the development of methods to compute such free energy
differences (see, e.g., Ref. [1] for a review and comparison). Of particular
importance is the free energy profile along a reaction path characterized by
a reaction coordinate ¢g. Not only does the free energy profile provide a
thermodynamic picture along the reaction path, but it also permits deter-
mination of activation energies and associated rate constants via classical or
quantum transition state theory. Statistical mechanics provides a means
whereby such free energy profiles can be determined directly from ensemble
averages. In the case of a classical N-particle system at temperature, 7, the
reaction coordinate, ¢, is expressible as a function ¢ =g¢(ry,...,ry) of the N
Cartesian position vectors {ry,...,ry} of the N particles. The free energy
profile, F(¢'), is then defined by

Fq) = —%ln P(q) (1)

where

P(¢') = (6(q(r1,...,rv) = 4)) (2)

is the probability density for the reaction coordinate to take on the value
¢ and B=1/kT.

In principle, the probability distribution in Eq. (2) can be computed
directly from a molecular dynamics (MD) or Monte Carlo simulation.
However, if the reaction path described by ¢ corresponds to a rare event
with a high activation energy, then the use of direct simulation techniques is
infeasible due to the presence of very low probability regions in the con-
figuration space. Consequently special techniques such as umbrella sampling
[2—4] and the so called “bluemoon ensemble” approach [5, 6] have been
developed. In these approaches, the reaction coordinate is restrained to lie
within certain windows or rigidly fixed at certain values and individual
simulations in each window or at each fixed value are performed. The free
energy profile is then reconstructed a posteriori via weighted histogram
(see, e.g., Ref. [7]) or thermodynamic integration techniques. Despite their
success, the necessity of performing numerous individual simulations is
nevertheless computationally intensive. In addition, the need to change the
reaction coordinate by hand in these methods may involve many nontrivial
changes in the other degrees of freedom in a system which require long
equilibration times to relax or may, itself, be nontrivial depending on
the complexity of the reaction coordinate. Finally, both the umbrella and
bluemoon approaches require nontrivial postprocessing of the output data.
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In this paper, an alternative approach to the calculation of free energy
profiles along reaction paths is presented. The new method is based on the
creation of a dynamical adiabatic separation between the reaction coor-
dinate and remaining degrees of freedom. In particular, a dynamical scheme
is constructed in which the reaction coordinate evolves slowly relative to
the other degrees of freedom and is simultancously maintained at a high
temperature. The latter condition, which has also been employed on entire
molecules by other authors to enhance sampling of configuration space [8, 9]
and which has been used to perform approximate quantum dynamical
simulations [10, 11], ensures that all activation barriers along the reaction
path can be easily crossed and can be enforced by coupling the reaction
coordinate to its own heat bath or thermostat. The former condition permits
the remaining degrees of freedom to fully relax in response to the motion
of the reaction coordinate and, thereby, sample a large portion of their
configuration space as the reaction coordinate slowly evolves. A careful
analysis of the resulting dynamics reveals that the free energy profile will
then be given by Eq. (1) with § replaced by 3,=1/kT,, where T, is the
temperature of the reaction coordinate (see Section 2). It is then clear that
the use of such an approach eliminates all postprocessing of the simulation
data. It is also found that the new adiabatic free energy dynamics (AFED)
method allows the free energy profile to be determined with greater effi-
ciency than constrained/restrained methods such as the bluemoon and
umbrella sampling schemes.

This paper is organized as follows. In Section 2, the adiabatic dynamics
method is analyzed in detail and shown to yield the free energy profile
directly from Eq. (1) with 3 replaced by (3,. The analysis is based on the use
of the Liouville operator technique and a formally exact multiple time scale
breakup of the adiabatic classical propagator. In Section 3, several model
problems are examined using the new approach. In these examples, direct
comparison to analytical solutions (when available) and the bluemoon
ensemble method are made. Conclusions and prospects for extending this
work to more complex situations, other types of free energy calculations,
and quantum free energy profiles are discussed in Section 4.

2. THEORETICAL ANALYSIS OF THE ADIABATIC
DYNAMICS APPROACH

In order to illustrate the method, we consider a simple model system, which
serves as a paradigm for the general problem of determining free energy
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profiles. The model consists of two degrees of freedom, namely, a reaction
coordinate x with mass m, and an additional degree of freedom y with mass
m,. The two degrees of freedom are coupled through a potential V(x,y),
and the Hamiltonian of the system is taken to be of the form:

2
Py P

H =
2my - 2my

+V(xy) (3)

The simple analysis based on Eq. (3) neglects the fact that, in generalized
coordinates, the kinetic energy will actually involve a (generally) coordinate-
dependent mass metric tensor. A more general analysis and procedure for
treating N-particle systems in terms of generalized coordinates is given in
Appendix A.

If wy and w, are characteristic frequencies of the x and y motion, then an
adiabatic separation between x and y is achieved by requiring that w, < w,,.
This can be realized dynamically by choosing the masses such that m, > m,,.
In addition, temperatures T, and T, associated with the two degrees of
freedom are introduced such that T, >> T, as noted above. In the proceeding
discussion, a detailed analysis of the dynamics and the phase space it gen-
erates will be carried out. The goal of this analysis is to show that, under the
usual assumptions of ergodicity, the resulting phase space distribution func-
tion of the reaction coordinate, x, leads to a free energy profile given by
Eq. (1) with g replaced by 8, =1/kT..

In order to maintain the two temperatures, T, and T, in the system, the
dynamics generated by Eq. (3) must be supplemented by coupling the vari-
ables x and y to independent heat baths or thermostats. Thus, the phase
space evolution of the system is governed by a Liouville operator of the form

) ) P )
iL=tx B g 9 g T Y

m.ox m 8}7 a 8 therm(T ) + L() (T) (4)
X y

therm

where F.= —0V/0,, F,= —0V/dy and leherm( ) and leherm(Ty) are dy-
namical thermostates, e.g., the Nosé-Hoover chain (NHC) [12] or the re-
cently introduced generalized Gaussian moment thermostat (GGMT) [13],
which maintain x at temperature 7 and y at temperature T,. The explicit
forms of the thermostat operators are not important for the present discus-
sion, however, the interested reader is referred to Refs. [17] and [13] for
the detailed expressions of these operators. For the present discussion, it is
sufficient to know that they act on the momenta p, and p, in such a way as to
control the kinetic energy fluctuations and generate a Maxwell-Boltzmann
distribution in these variables at the required temperatures and that they
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involve a set of additional or “‘extended” phase space variables, denoted
generally by I'iperm,x and DI'ierm,y- It is, again, stressed that two separate
thermostats are needed in order to maintain the two separate temperatures
T.and T,.

The time evolution of the full phase space I'={x,y,py. Py Itherm xs
I'therm,y), starting from an initial condition I'(0), is formally given by

I'(t) = ¢MT(0) (5)

where exp(iLt) is the classical propagator. Consider the evolution of the
system over a time interval A¢ characteristic of the x motion. In order to
analyze the dynamics over such an interval, it is useful to define “reference
system” Liouville operators:

e Px O«
L (T) = 75 o il (T2)
X (6)
Ty =29 g gy
ref \ " my 8)7 therm \ Y
and express the total Liouville operator as
. ) a0 0
iL = iLY) +iL{) + F, . (7)
where
: 0 0
L) =il 4 Py 4 F — 8
l lref+ Yapy+ Xapx ()

Using the Trotter theorem, a reversible, symplectic factorization of the
classical propagator is constructed according to

) At At
exp(iLAt) = exp <iLQ> 7) exp (iLE;?At) exp (iL(y> 7) (9)
In Eq. (9), note that the y-propagator, exp(iL"”’ Ar/2), is left intact. The

factorization scheme in Eq. (9) allows the y-propagator to be evaluated
formally exactly, again, using the Trotter theorem.

o (175) = m oo (537
At 0 2 ) At At 0
—F,— L) — —F,—
 eXp <4n yapy) &xp <l Tef 2n) xp <4n yapy>

X exp Ein
4n " Opy (10)
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When Eq. (10) is substituted into Eq. (9), the result is the formally exact
analog of a multiple time scale factorization such as is discussed in Ref. [14].
The formally exact evaluation of the y-propagator is necessary since, under
the adiabatic conditions of the problem, the time interval, Az, is very long
compared to the time scale on which y evolves. Combining Egs. (9) and (10)
and acting with the resulting operator on the full phase space vector I'(0)
yields the following evolution of the physical variables [11]:

(A7) = xeet[6(0), £(A1/2), T+ (0); Ad
X(A[) = Xref[X(O), X(Al/2), Fx(o); At}
At

[ E b 0(A1/2),5(A02),
My JAt)2
F}’<Al/2)7 X(AZ); Z/)a X(At)]
Wk (1)

K(A2) = 5(0) + o [ AP uan(5(0).50). T, 0),5(0)5). x(0)
Y(A1/2) = yaan (¥(0), ¥(0),T(0), x(0); Az/2)
Y(AL/2) = 3aa5 (¥(0), (0), T (0), x(0); Az/2)

Y(AL) = yaan(y(A1/2), (AZ/2) v(A1/2), x(A1); Ar)

V(AL) = Yaan (v(A1/2),3(A1/2), T, (A1/2), x(At); A1)
In Eq. (11), xper[x', X', I";; ¢'] indicates the evolution of x under the action of

the reference system L10uv1lle operator zLEef up to time ¢ starting from
initial conditions x’, X" and I", with an analogous meaning for X[x’, %,
I'; 7). Similarly, yadb[ .y ,F’ x'; '] indicates the exact adiabatic, i.e., at ﬁxed
x, evolution of y up to time 7 under the action of the operator in brackets in
Eq. (11) starting from initial conditions ', y', I"}. Since n,>>m,, the motion
of the y variable will follow instantaneously the motion of x dynamically
and sample its available configuration space over the time interval A¢/2
during which x remains fixed. In Eq. (11), it can be seen that the force
governing the evolution of x and x is related to a time average of F, over the
adiabatic y trajectory.

Assuming that the y motion is ergodic over this time interval, then the
time average of F, appearing in Eq. (11) can be replaced by a configura-
tional average over y according to

T+AL)2
/ thx[yadb<y<T>,y<r>, Ty(7), x; 1), %]

AlfdyF x,y)e HVE)
2 fdye ByV(x,y)

At 01
2 (9 ﬁylnz(x ﬂy) (12)
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where 8, =1/kT, and

2,(xi8) = [ dy eV (13)

is an effective configurational partition function of x. Note that the inte-
gration over p, trivially cancels out of Eq. (12). Therefore, in the adiabatic
limit, an effective Hamiltonian for the x degree of freedom can be con-
structed according to

2

Hiped) = 2= S 2,6 0) =Ko - 26 6) (14
X y y

From Eq. (14) follow the statistical mechanical properties of the x degree of
freedom. The partition function for x is given by

0(6: B,) = / dpxd exp(—BeHy (py, X))

- /dpxexp(—ﬁxl(x)/dxexp { 6x< ﬁlyln Zy(x; ﬂy))}
/dpx /dx x; By) /P (15)

Therefore, the probability distribution function of x becomes

P(x) = / dps exp(— oK, )(Z, (x: By)] % (16)

1
Q(Bx, By)

so that P(x) o< [Zy(x; ﬁy)]ﬁ"'/ﬂy. From Eq. (16), it follows that the free energy
profile, F(x), which, by definition is

1
*ﬁ*yln Z,(x; By) (17)

can be calculated directly from the adiabatically generated probability
distribution function, P(x) by

F(x) =

1
F(X)Z_B In P(x) + const (18)
The equivalence between Eqs. (17) and (18) can be seen by direct
substitution of P(x) into Eq. (18). Thus, the true free energy profile can
be obtained, up to an irrelevant constant, from the probability distribution
function, P(x), generated by the adiabatic dynamics with m,>m, and
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T.> T, via Eq. (18). Note that Eq. (18) is of the same form as the standard
free energy profile defined in Eq. (1) with 7, the temperature of the
ensemble, replaced by T, the temperature to which the x degree of freedom
has been heated. Despite the fact that T', appears in Eq. (18), the correct free
energy profile at the temperature, T, of the bath/environment is obtained.
Equation (18) constitutes the central result of this paper.

3. MODEL PROBLEMS AND RESULTS

In this section, the adiabatic free energy dynamics (AFED) method will be
tested on two model problems. The first is a simple two-variable problem of
the type described by Eq. (3) for which the free energy profile can be solved
analytically. The second is a simple isomerization reaction in a Lennard-
Jones solvent, which serves as a paradigm for solution phase chemical pro-
cesses. In the second case the AFED method will also be compared to the
“bluemoon ensemble” approach based on constrained molecular dynamics
[5, 6].

3.1. One-dimensional Quartic Double Well Coupled
to a Harmonic Oscillator

Consider a simple two-variable system described by the Hamiltonian in
Eq. (3) with a potential of the form

1
V(x,y) = Dg(x2 - az)2 + Enyz + Axy (19)

For this simple problem, Z (x; 3,) can be calculated analytically, leading to
a free energy profile in x given by
PRES

F(x) = — . Z,(x; By) = Do(x* — a*)* — Z—x (20)
'y ’ 2K

Simulations of this model system were carried out using Dy=5,a=1, k=1,
A=2.878, my=1 and kT,=1. With these parameters, the free energy
profile in x has two wells located at x + = 4 \/a? + \2/4Dyx = £ 1.189 and
a barrier at x=0. In addition, the free energy barrier is F* = F(x=0)—
F(x )= Doa*+Na*/2k+\*/16Dyr* = 10.

In order to ensure efficient barrier crossing, a temperature k7, = 10 was
chosen for AFED simulations. With this choice of kT, the convergence of
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the free energy profile with m, was tested by performing simulations with
m, =10, 100, 300. For these mass choices, simulations of 10° steps using a
time step 0.25 x 103 were performed. Canonical sampling is obtained
using the recently introduced generalized Gaussian moment thermo-
stat(GGMT) algorithm [13]. In general, the thermostatting method can
have an influence on the efficiency of free energy methods. A detailed
comparison between the GGMT approach and the more standard Nosé—
Hoover chain algorithm will be given elsewhere [15].

Figure 1 shows the trajectory of x as a function of time for m,=m, and
T.=T, corresponding to an ordinary dynamics simulations compared
to the AFED parameters (m, =300 and 7,=10). The figure shows that
without the adiabaticity conditions, barrier crossing is a rare event as would
be expected in an ordinary dynamics calculation. In contrast, the AFED
dynamics case shows frequent barrier crossing and, hence, efficient sampling
of the configuration space available to x. Figure 2 shows the free energy
profiles obtained from the AFED simulations for the different choices of m,
together with the analytical result. The figure shows that when mi, is too
small, adiabaticity is not well maintained and the free energy profile is not
well reproduced. It can be seen that for m, = 300 the agreement between the
AFED and analytical results is very good. In Section 4, a general protocol
for determining the adiabaticity control parameters, 7, and m, is discussed.

3.2. Isomerization Reaction in a Lennard-Jones Solvent

As a simple paradigm for solution phase chemical processes, we consider a
simple isomerization reaction of a diatomic molecule solvated in a Lennard-
Jones liquid. The intramolecular potential of the diatomic is characterized
by a single coordinate r=|r;—r,|, the distance between the two atoms
comprising the diatomic. The intramolecular potential is, again, given by a
quartic double well form:

Vintwa (r) = Do[(r = 10)* = &} (21)
so that the total potential is given by

U(l‘l, R ,I'N) = Vintra(|rl — 1'2‘) + VLJ(rl, - ,I‘N) (22)

In this case, the potential parameters are Dg= 107 K/A“, a=022A, and
ro=4.26A. With these parameters, the diatomic can exist in two stable
conformations characterized by bond lengths of r . =ry &= a, which leads to
ry —4.48A and r_=4.04A. The two conformations are separated by a
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FIGURE 1 Trajectory of x as a function of the number of steps for a double well coupled to
a harmonic oscillator in Eq. (19). (a) Standard Molecular Dynamics; (b) Adiabatic (AFED)
dynamics with m, =300 and 7, = 10.

46.5 kcal/mol potential barrier at r =r,. The diatomic is solvated in a bath
of 108 Lennard-Jones particles with ¢/k=90K, o= 3.405A and mass
m=39.94 amu. The masses of the two atoms in the diatomic are both the
same as the mass of the Lennard-Jones particles. The density and tem-
perature of the system are po° =0.844 and T=300K.

In this example, the reaction coordinate is r, the diatomic bond length.
The AFED method requires that the equations of motion be formulated in a
coordinate system in which r is an explicit coordinate and is given both a
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15.0 | Analytical profile 1
m_=10 (6x1 0’ steps)
m,_=100 (3x1 0o’ steps)
m,_=300 (2x10° steps)
—-- Bare potential
100 | ]
—_
x
N’
L
5.0 F )
0.0
-2.0 -1.0 0.0 1.0 2.0

FIGURE 2 Adiabatic (AFED) Dynamics free energy profile for a double well coupled to a
harmonic oscillator in Eq. (19). The figure shows the convergence of the free energy profile as a
function of m, with T,=10. The solid line is the analytical free energy profile, the dotted line
corresponds to m, = 10, the long dashed line corresponds to m, = 100, and the short dashed line
corresponds to m,=300. m,=1 in all cases. For comparison, the bare potential is shown with
the dot-dashed line.

large mass and temperature. To see how this is accomplished, consider the
Lagrangian of the system:

| .
L= Em(l‘% +13) + Koath — Vinwra (11 — 12]) — Viy(r1, 12,13, ..., 1y)  (23)

where Kpaq, s the kinetic energy of the Lennard-Jones bath particles. First,
we transform to center of mass and relative coordinates for the diatomic,
R=(r;+r,)/2 and r=r; —r,, yielding:
1 .o 1 1 1
L= EMR +§Mr + Kpath — Vintra(|r|) —Vu(R "l‘zr»R - §r7l‘3, s IN
(24)

where M =2m and p=m/2 are the total and reduced masses of the diatomic,
respectively. Finally, we transform to spherical polar coordinates (r, 6, ¢) in
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the relative coordinate giving:

oo 1, 1 5.,
=_-MR +- -

L 3 +2,ur +2/u’u 1 1
+Kbath_vintra(r)_VLJ(R+5ru7R_Eruvr%---arN) (25)

where the unit vector u=(sin 6 cos ¢, sin 8 sin ¢, cos 6) is the bond orien-
tation vector. The adiabaticity condition is imposed by choosing a tem-
perature T, associated with the radial degree of freedom only and by
redefining the Lagrangian in Eq. (25) according to

11 1
L:EMRZ S+ 5 i

+ Kpath — Vintra(") — Vs (R + %VU, R - %ru, I3,... ,I‘N> (26)
where [z > p is a mass associated with the r degree of freedom only.

It is important to note that, although it is necessary to work with the
coordinate r explicitly, it is not necessary to work directly with the angular
degrees of freedom 6 and ¢. Rather, we work with the Cartesian com-
ponents (uy, uy, u-) the vector u directly so that the kinetic energy term
involving u becomes:

1 1
3 pr? = zuﬁ(i@ + iy + i) (27)

When this is done, the equations of motion generated by Eq. (26) will be in
terms of r and the three Cartesian components of u. In order to ensure that u
remains a unit vector as the system evolves in time, it is necessary to add a
simple constraint to the equations of motion that u} + u; + « = 1. Details
of how the equations of motion are integrated and how the constraint is
implemented are given in Appendix B.

AFED simulations were carried out using temperatures 7,=2007=
60000K and T7,=307T=9000K. At T7,=2007, masses of m, ==
3000m =~ 120 x 10° amu and m, = ji = 6000m = 240 x 10° amu were used
with a time step of Ar=5fs. At 7,=30T, masses of m, = i = 11984 amu
and 35953 amu were used. AFED simulation lengths of various lengths were
performed in order to test convergence. In addition, bluemoon ensemble
simulations were carried out using 11 evenly spaced fixed values of r between
4.0A and 4.50A. (This was found to be the minimum number of points
needed to generate an accurate free energy profile.) Each bluemoon
simulation consisted of 2 x 10* steps with a time step of Ar=10fs for a
total run time of 2.2 ns. Although this is somewhat longer than is actually
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needed to generate the free energy profile via the bluemoon ensemble
method, such a long run ensures a highly converged free energy profile
against which the AFED method can be benchmarked. In Figure 3, the free

Bluemoon Ensemble (2.2 ns)

-=---m, = 3000 m (600 ps)
—=-— m, = 6000 m (600 ps)

—— Bluemoon Ensemble (2.2 ns)
-==-m, =300 m (200 ps)
=== m, = 300 m (600 ps)
—==-m, =900 m (600 ps)

(b)

70.0 ‘
60.0 } ‘.
— 500}
o
E 40} 1
© ]
o [
= 300 |
=
L o200}F 3}
[}
10.0 }
0.0
3.9
70.0 \
\
60.0 | i
— 500} ‘
o
E 40} \
o
-
= 300}
=
L 200}
10.0 }
0.0
3.9

4.0 4.1 4.2 4.3 4.4

r{A]

4.5

4.6

='I_]_

1002

lLoge="1

FIGURE 3 Adiabatic Dynamics free energy profile for an isomerization reaction of a
diatomic in a Lennard-Jones solvent described in Section 3.2. The figure shows the convergence
as a function of the mass i (¢f. Eq. (26)) with 7,=2007=60000K (a) and for 7,=30T=
9000 K (b). In both panels, the solid line is the free energy profile obtained employing the
“bluemoon ensemble”” method [5,6]. In all cases m=239.94amu and the temperature and
density are T=300K and po® =0.84, respectively.
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energy profiles obtained from the AFED calculations for the various mass
and temperature choices and that obtained from the bluemoon calculation
are shown. It can be seen that for 7, =200 7 and m, = ji = 240 x 10° amu,
the agreement between the two methods is good, and for 7,=307 and
m, = ji = 300m = 11984 amu, the agreement between the two methods is
also good. In the latter case, a 600 ps run yields the best agreement for
m, =300 m, however, even a 200 ps run reproduces the free energy barrier to
within about 5%. For m,=900m, a 600 ps run is insufficiently long to
converge the free energy profile, as can be see in Figure 3(b), however, if the
trajectory is allowed to run for 2ns, it is found that the correct free energy
profile is obtained.

In order to compare the efficiency of the AFED and bluemoon methods,
the following analysis was carried out. First, note in Figure 3, that the
AFED method actually generates a larger range of r than the bluemoon
method. Of course, the bluemoon method can be made to sample the same
range of r by carrying out more simulations. In this case, 22 evenly spaced
points would be required, hence, 22 simulations. Next, an AFED simulation
using 22 bins for the histogram of P(r) was carried out, and the error bar
on the force F, on r in one of the bins computed and compared to the
error bar obtained from the bluemoon ensemble method for the same
value of r. It was found that, in order to obtain an error bar of size 8 x 10~ °
au, an AFED simulation of 880 ps was needed compared to a bluemoon
calculation of 80ps. However, since one AFED simulation generates
the full free energy profile, while 22 individual bluemoon simulation are
needed, the total simulation time for the bluemoon method would then be
22 x 80 ps = 1.76 ns. Thus, comparing the total simulation times, shows that
the AFED method is nearly twice as efficient as the bluemoon method. In
practice, one might be content with a restricted range for the reaction
coordinate in the bluemoon method. In the present example, the above
analysis shows that, in this case, the two method are, then, of equal
efficiency, however, the AFED method gives a more complete picture of the
free energy profile.

4. DISCUSSION: CHOOSING THE ADIABATICITY
PARAMETERS

In this section, a protocol for choosing the parameters for the reaction
coordinate temperature and mass in order to ensure that adiabaticity is
maintained and that phase space is properly sampled will be discussed. The
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temperature of the reaction coordinate needs to be close to the barrier height
of the bare potential divided by Boltzmann’s constant, however, as Figure 3
shows, it is possible for it to be greater or slightly less than this value. In
cases where free energy barriers are expected to be higher than the bare
potential barrier, a larger temperature will likely be needed. In general,
higher temperatures work as well but require higher masses. Typically, a
short run is sufficient to determine if the reaction coordinate is undergoing
frequent barrier crossing events. Note that the higher the temperature of the
reaction coordinate, the larger will be the required mass separation between
the reaction coordinate and other modes in order to maintain adiabaticity.
The mass of the reaction coordinate, which controls the adiabaticity, needs
to be chosen such that the characteristic frequency of the reaction coor-
dinate motion is small compared to that of the remaining degrees of freedom.
In general, it is possible to provide estimates of these frequencies for the
physical system under consideration. Generally, it is found that a fre-
quency scale separation of approximately 2—4 is sufficient to maintain
satisfactory adiabatic separation. As is clear from the parameters used in the
two examples of Section 3, such frequency scale separations lead to the most
accurate results for the shortest simulation runs. Note that once a mass scale
separation for the reaction coordinate is chosen, the time scale for the
evolution of the dynamical thermostats needs to be adjusted accordingly
(see Refs. [12, 13]).

5. CONCLUSION

Given the importance of free energy calculations in the study of rare events,
it is important to develop novel and efficient methods for computing free
energy profiles along reaction paths. In this paper, a new approach to the
determination of free energy profiles has been introduced. The method is
based on the creation of an adiabatic separation between the reaction
coordinate and the remaining degrees of freedom within a molecular dy-
namics simulation. In addition, the reaction coordinate is maintained at a
high temperature relative to the remaining degrees of freedom. In this way,
the full configuration space corresponding to the rare event is sampled and
the free energy profile is rigorously generated directly from the probability
distribution of the reaction coordinate. Thus, the new method requires
no postprocessing of the data and leads to a scheme that is more efficient
than methods based on constraining (or restraining) the reactive degree of
freedom.
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The new AFED method can be employed in any situation to which other
free energy methods can be applied. In particular, in complex biomolecular
applications, it offers several advantages in addition to increased efficiency.
First, it requires no “‘by-hand” adjustments of the reaction coordinate.
Such adjustments, usually needed in the bluemoon ensemble and umbrella
sampling methods, can often be difficult to perform for complex reaction
coordinates and/or reaction coordinates that are strongly coupled to other
degrees of freedom. A good example is that of one or more internal dihedral
angle(s). Second, when a definite reaction coordinate is not available, it
is expected that the AFED method will allow the free energy profile of a
subspace of generalized coordinates to be obtained with greater efficiency
than other free energy methods. Testing this hypothesis will be part of future
work to be carried out in this area.

Other future work will include adapting the method for other types of free
energy calculations (e.g., solvation free energies) and combining the AFED
method with path integral molecular dynamics [16] for calculation of
quantum free energy profiles. The latter will allow, for example, exploration
of equilibrium and kinetic isotope effects.
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APPENDIX A

In this appendix, the problem of treating an N-particle system in a set of
generalized coordinate that explicitly contains the reaction coordinate
is considered. From a dynamical point of view, if one begins with the
Lagrangian in Cartesian coordinates, ry,...,ry

ang|
ZE A= V(r,...,ry) (A1)
then, under a transformation to generalized coordinates ¢, ..., ¢3n
@1 =qi(r1,...,1y)
(A.2)

gsv = @3n(r1, ..., Iy)
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the Lagrangian becomes

3N

1 .
L= 5Gas(@)dady— V(ri(q),. .. tn(q)) (A3)
a,f=1
where g={q1, ..., q3n} denotes the full set of generalized coordinates, and

G.s(g) is given by

i-fn() (2) e

i=1

is the mass-metric tensor. By performing the Legendre transform, the
Hamiltonian can be shown to be

3N
H= % > Kas(@)paps + V(Xi(q), - - tw(q)) (A5)
a,f=1

where

=30 () (%) o

is the inverse of G, 4. The introduction of coordinate-dependent mass-metric
factors into the Lagrangian/Hamiltonian of a system via a transformation
to generalized coordinates leads to a considerable increase in complexity in
the description of the true dynamics of the system.

Although the AFED method requires that generalized coordinates be
used, the dynamics only needs to generate the correct configurational
averages, and, hence, it is not necessary to work with correct conjugate
momenta. This fact leads to a large simplification in the analysis and
implementation of the method. In order to show this, consider the canoni-
cal partition function of the system. In Cartesian coordinates, this is
given by

2
i

| N
O(N,V.T) :W/dedNrexp [_5<;2m[+v('1""’rN)>} (A7)

If the coordinate integration only is transformed according to Eq. (A.2),
leaving the momentum integrals unchanged, the partition function picks up
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a Jacobian factor according to

I
~ NN / @ 7

<ow |- ﬁ(zzm V(@) (o) )]

Defining an effective potential according to

1
——In J(qla'-'aq3N) (A9)

g
Vigi,. ~,Q3N)>]

(A.10)

V(g qw: 8) = V(ri(q), ..., rn(q))

the partition function becomes

l N
Q(N7V7T)=W/d1vp d3quxp{ (Z

It is, thus, clear that the phase space distribution function in Eq. (A.10) can
be generated via molecular dynamics with a Hamiltonian of the form

N 2

szzl:;q,

V(q1, - q) (A.11)

where the 3N Cartesian momenta are treated as “‘conjugate” to the ¢s even
though they are not the true conjugate momenta. Similarly, if ¢; is a reaction
coordinate of interest, then the AFED method can be implemented by
introducing a temperature 7 for this variable and writing the Hamiltonian
in the form

2m1 Zz - VgL, .. qw) (A.12)

where m; > m,, a=2,...,3N, in order to ensure an adiabatic separation.
Under these conditions, the analysis of Section 2 can be applied to a general
N-particle system in generalized coordinates with no modification except for
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a simple replacement of the N-particle potential 7 with the modified
potential V. It should be noted that, under certain conditions, it may be
straightforward to work in terms of a full canonical set of generalized
coordinates, such as in the example of Section 3.2.

APPENDIX B

In this appendix, the implementation of the AFED method for the
isomerization reaction of Section 3.2 is discussed. The procedure presented
here is generally applicable to any problem for which the reaction coor-
dinate is a distance. More general procedures for other types of reaction
coordinates have been discussed in Appendix A. As seen in Section 3.2 the
Lagrangian of the system can be rewritten as:

1 .2 1_. 1 .
L:§MR +§Mr2+§ur2u2+l(bath
1 1
_Vimm(r)—VLJ<R+§ru,R—Eru,r37...,rN> (B.1)

where r, the bond length, is the reaction coordinate, u is the unit vector
along the bond, Ky, is the kinetic energy of the bath, and g > p is a mass
associated with the r degree of freedom only. In addition, F, = —V/ ., (r) —
OVi;/0r and F,= —90V71;/0u. From Eq. (B.2), the equations of motion for r
and u follow directly:

= (B.2)
u=yv, (B.3)
iy =22 +1~Fr (B.4)
M M
. 2 1
Vy = —;V,.Vu + WFH (BS)

The equations of motion, Eq. (B.5), are slightly more complicated than the
usual equations of motion encountered in ordinary molecular dynamics,
and, therefore, the problem of constructing a reversible, symplectic inte-
grator for them based on the Liouville operator formalism is discussed
below.
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The Liouville operator corresponding to Eq. (B.5) is

iL = iLy +il, +ilL3

Ly =v 2+v 2
Lo T o
e (Bt 2 o
[T vy

iy = (=2t Fy)
3 = r rYu urz u 8Vu

In order to generate a reversible integrator for Eq. (B.5), the following
factorization of the classical propagator, exp(iLA¢) for a time step, At is
constructed:

. At At . At
exp(iLAt) =~ exp | iL, = x exp | iL3 > x exp | iL, vy
x exp(iLi At)

- Af . At At
X exp ZLZT X exp 1L37 X exp ILZT (B.7)

Application of this operator to the phase space vector gives the time
evolution of the variables, r, v,, u, v,. The operators that act on the variables
r, v, uyield a simple time translation, while the action of exp (iL;3A¢/2) gives
the following evolution of vy

vu(A2/2) = vy(0) exp (— %v,At) + 2;”} (1 —exp ( —%V,At))Fu(O)
’ (B.8)

where v, has the value it has obtained when the operator, exp(iL3At#/2) is
applied. The potentially singular term, (1 —exp(—(2/r)v,t))/v,, can be expand-
ed in a Maclaurin series when v, is small, since its limit for v, — 0 is finite.

In order to complete the scheme, it is necessary to add an additional force
that constrains u to be a unit vector. This is accomplished by modifying the
equation of motion for u according to read

. 2 1
Va = =V +W(Fu — Au) (B.9)

In Eq. (B.9), a constraint force —Au has been added to F,, where X is a
Lagrange multiplier that ensures the condition u(¢)-u(7) = 1 is maintained at
all time 7. The multiplier is calculated using the standard procedure. The
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vector u is updated in the absence of the constraint force using Eq. (B.8) to
produce the unconstrained evolution u“(Ar). The vector u(Arf) is then
constructed according to

u(Az) = u“(Af) — A——u(0) (B.10)
Defining X' = AA#*/2ur?, the condition |u(A7)|*=1 is then imposed, which
leads to the following expression for X:

‘(A0 u(0) - w( AP - (AP - 1) (B.11)

Once the multiplier has been determined, u(A¢) is obtained from Eq. (B.10),
and the velocity v,(At¢/2) at the half step obtained from

)\/
vu(A2/2) =u"(At/2) — Ktu(O) (B.12)
The forces are then recalculated at the new positions, and v, is updated
with the appropriate updated unconstrained force according to Eq. (B.S).
Finally, the constraint force is applied, and the resulting update for v,,
leading to the fully updated velocity is

Va(AL) = uy (A1) — (u(Az) - vy (Ar))u(Ar) (B.13)

where vii(At) is the velocity just before the constraint force at At is applied.
Additionally, it is necessary to apply thermostats to ensure canonical
sampling. As discussed in Section 2, a thermostat is applied to the reaction
coordinate r, maintaining its temperature at an elevated value 7,. Because
of the constraint on u, it is necessary to thermostat the three components
of u together and separately from the remaining bath degrees of freedom
[17]. Apart from this, the application of the thermostat operators follows
the procedure described in detail in Refs. [13] and [17]. Finally, it should
be noted that the formulation of the integrator via the Liouville operator
allows the AFED method to be easily combined with multiple time scale
integration (RESPA) [14] techniques for the bath.
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